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Lqirupdwlrq dqg wkh H{lvwhqfh ri Vwdwlrqdu|
Pdunryldq Htxloleulxp
L1 Ndudw}dv/ P1 Vkxeln/ Z1 Vxgghuwk
Dsulo 59/ 5334
Devwudfw
Zh ghvfuleh frqglwlrqv iru wkh h{lvwhqfh ri d vwdwlrqdu| Pdunryldq
htxloleulxp zkhq wrwdo surgxfwlrq ru wrwdo hqgrzphqw lv d udqgrp ydul0
deoh1 Dsduw iurp uhjxodulw| dvvxpswlrqv/ wkhuh duh wzr fuxfldo frqglwlrqv=
+l, orz lqirupdwlrq 0 djhqwv duh ljqrudqw ri erwk wrwdo hqgrzphqw dqg
wkhlu rzq hqgrzphqwv zkhq wkh| pdnh ghflvlrqv lq d jlyhq shulrg/ dqg
+ll, sursruwlrqdo hqgrzphqwv 0 wkh hqgrzphqw ri hdfk djhqw lv lq sursru0
wlrq/ srvvleo| d udqgrp sursruwlrq/ wr wkh wrwdo hqgrzphqw1 Zkhq wkhvh
frqglwlrqv krog/ wkhuh lv d vwdwlrqdu| htxloleulxp1 Zkhq wkh| gr qrw krog/
vxfk htxloleulxp qhhg qrw h{lvw1
4 Lqwurgxfwlrq
Wklv sdshu lv rqh ri d vhulhv ri lqyhvwljdwlrqv ri d pdvv0pdunhw hfrqrp| zlwk
vwrfkdvwlf hohphqwv lq zklfk wkh rswlpl}dwlrq sureohpv idfhg e| hdfk ri d frq0
wlqxxp ri djhqwv duh prghoohg dv sdudooho g|qdplf surjudpplqj sureohpv1 Wkh
prgho xvhg lv d vwudwhjlf pdunhw jdph dw wkh kljkhvw ohyho ri djjuhjdwlrq/ lq
rughu wr frqfhqwudwh rq wkh prqhwdu| dvshfwv ri d vwrfkdvwlf hqylurqphqw1 Do0
wkrxjk wkhuh duh vhyhudo suhylrxv sdshuv zklfk surylgh hfrqrplf prwlydwlrq
dqg prghoolqj ghwdlov +Ndudw}dv/ Vkxeln ) Vxgghuwk +4<<7, dqg +4<<:,/ dqg
Jhdqdnrsorv/ Ndudw}dv/ Vkxeln ) Vxgghuwk +4<<;,/ uhihuuhg wr ehorz dv ^NVV4`/
^NVV5`/ dqg ^JNVV`/ uhvshfwlyho|,/ zh kdyh dwwhpswhg wr pdnh wklv sdshu dv
vhoi0frqwdlqhg dv srvvleoh1 Krzhyhu/ zh zloo pdnh xvh ri vhyhudo wkhruhpv hvwde0
olvkhg lq wkhvh hduolhu zrunv1
Zh frqvlghu dq hfrqrp| zlwk d vwrfkdvwlf vxsso| ri jrrgv zkhuh= +l, wkh
hqgrzphqw ri hdfk djhqw lv lq sursruwlrq +srvvleo| d udqgrp sursruwlrq, wr
wkh wrwdo dprxqw ri jrrgv dydlodeoh> dqg +ll, wkh djhqwv pxvw elg iru jrrgv lq
hdfk shulrg ehiruh nqrzlqj erwk wkh wrwdo vxsso| ri jrrgv dydlodeoh dqg wkh
uhdol}dwlrq ri wkhlu rzq udqgrp hqgrzphqwv1
Iru vxfk dq hfrqrp|/ d vwdwlrqdu| htxloleulxp zloo eh vkrzq wr h{lvw/ zkhuh
wkh rswlpdo elg ri dq djhqw lq hdfk shulrg ghshqgv rqo| rq wkh fxuuhqw zhdowk ri
wkh djhqw1 Lq htxloleulxp wkhuh zloo eh d vwdwlrqdu| glvwulexwlrq ri zhdowk dprqj
djhqwv/ dowkrxjk sulfhv dqg wkh zhdowk ri lqglylgxdo djhqwv zloo  xfwxdwh dv
4
udqgrp surfhvvhv1 Wklv zloo eh wuxh zkhwkhu ru qrw wkh rssruwxqlw| lv dydlodeoh
iru djhqwv wr eruurz iurp/ ru ghsrvlw lq/ dq rxwvlgh +jryhuqphqw, edqn1
Zkhq hlwkhu hqgrzphqwv duh qrw sursruwlrqdo/ ru wkh djhqwv kdyh dgglwlrqdo
lqirupdwlrq lq wkh irup ri dgydqfh nqrzohgjh ri wkh wrwdo vxsso| ri jrrgv/
wkhq wkhuh qhhg qrw h{lvw vxfk dq htxloleulxp1 Wklv zloo eh looxvwudwhg e| wzr
h{dpsohv1 Rqh lqwhusuhwdwlrq ri wkhvh uhvxowv lv wkdw ehwwhu vkruw0whup iruhfdvwlqj
fdq eh ghvwdelol}lqj1 Zh sodq ixuwkhu lqyhvwljdwlrq ri wkhvh kljk lqirupdwlrq%
skhqrphqd lq d vxevhtxhqw sdshu1
Wkh qh{w vhfwlrq kdv vrph suholplqdu| glvfxvvlrq ri rxu prgho1 Vhfwlrqv 6
dqg 7 wuhdw wkh wkh prgho zlwkrxw ohqglqj/ Vhfwlrqv 8 dqg 9 duh rq wkh prgho
zlwk ohqglqj dqg srvvleoh edqnuxswf|/ zkhuhdv wkh qdo Vhfwlrq : wuhdwv yh
vlpsoh h{dpsohv wkdw looxvwudwh wkh h{lvwhqfh dqg qrq0h{lvwhqfh ri vwdwlrqdu|
htxloleulxp1
5 Suholplqdulhv
Iru vlpsolflw| zh rplw surgxfwlrq iurp frqvlghudwlrq1 Lqvwhdg/ zh frqvlghu dq
hfrqrp| zkhuh doo frqvxpswlrq jrrgv duh erxjkw iru fdvk +dw prqh|, lq d
frpshwlwlyh pdunhw1 Hdfk lqglylgxdo djhqw ehjlqv zlwk dq lqlwldo hqgrzphqw ri
prqh| dqg d fodlp wr wkh surfhhgv iurp wkh frqvxpswlrq jrrgv zklfk duh vrog lq
wkh pdunhw1 Wkh jrrgv hqwhu wkh hfrqrp| lq hdfk shulrg dv li wkh| zhuh pdqqd%
iurp dq xqghvfulehg surgxfwlrq surfhvv/ dqg duh rzqhg e| wkh lqglylgxdo djhqwv1
Krzhyhu/ wkh djhqwv duh uhtxluhg wr vhoo wkh jrrgv lq wkh pdunhw/ dqg gr qrw
uhfhlyh wkh surfhhgv xqwlo wkh vwduw ri wkh vxevhtxhqw shulrg1 Wkh dvvxpswlrq
wkdw doo jrrgv jr wkurxjk wkh pdunhw lv suredeo| d ehwwhu dssur{lpdwlrq ri wkh
uhdolwlhv lq d prghuq hfrqrp| wkdq wkh uhyhuvh/ zkhuh hdfk djhqw fdq frqvxph
hyhu|wklqj gluhfwo| zlwkrxw wkh lqwhuidfh ri pdunhwv dqg sulfhv1
Rxu prgho kdv d frqwlqxxp ri djhqwv lqgh{hg e| wkh xqlw lqwhuydo L @ ^3> 4`
dqg uxqv lq glvfuhwh wlph xqlwv q @ 3> 4>    1 Dw wkh ehjlqqlqj ri hdfk wlph0
shulrg q/ hyhu| djhqw  5 L uhfhlyhv dq hqgrzphqw \ q +$, lq xqlwv ri d qrq0
gxudeoh frpprglw|1 Wkh udqgrp yduldeohv \ q dqg doo rwkhu udqgrp yduldeohv
lq wklv sdshu duh ghqhg rq d jlyhq suredelolw| vsdfh +>I >S,1
Zh vkdoo frqvlghu wkh qr0ohqglqj prgho ri ^NVV4`/ dqg dovr wkh ohqglqj zlwk
srvvleoh edqnuxswf| prgho ri ^JNVV`1 Xqolnh wkhvh hduolhu sdshuv/ lw zloo qr
orqjhu eh dvvxphg wkdw wrwdo surgxfwlrq T lv frqvwdqw iurp shulrg wr shulrg/




lq shulrg q lv d udqgrp yduldeoh/ iru doo q @ 3> 4>    1
Wkh iroorzlqj dvvxpswlrq zloo eh lq irufh xqwlo wkh h{dpsohv ri wkh qdo
vhfwlrq1
Dvvxpswlrq 41 41 Wkh wrwdo0surgxfwlrq yduldeohv T4> T5>    duh LLG +lqgh0
shqghqw dqg lghqwlfdoo| glvwulexwhg, zlwk frpprq glvwulexwlrq 1 Lw zloo dovr eh
dvvxphg wkdw wkh Tq*v duh vwulfwo| srvlwlyh zlwk qlwh phdq1
5
51 Wkh lqglylgxdo hqgrzphqw yduldeohv \ q +$, duh sursruwlrqdo wr wkh Tq+$,/
lq wkh vhqvh wkdw
\ q +$, @ ]

q +$,Tq+$, iru doo  5 L> q 5 Q> $ 5 > +514,
zkhuh wkh vhtxhqfhv i]4 > ]5 > = = =j dqg iT4> T5> = = =j duh lqghshqghqw/ ]q  3/




5 >    duh LLG zlwk frpprq glvwulexwlrq / iru hdfk  5 L1
Dv d frqvhtxhqfh ri wkhvh dvvxpswlrqv/ zh kdyh
H\ q @ +H]

q ,+HTq, @ HTq= +515,
6 Wkh Prgho zlwkrxw Ohqglqj
Ohw * eh d qrq0dwrplf suredelolw| phdvxuh rq wkh Eruho vxevhwv ri L @ ^3> 4` wkdw
fruuhvsrqgv wr wkh vsdwldo% glvwulexwlrq ri djhqwv1 Iru  5 L dqg q  4/ ohw
Vq4+$, dqg Iq4 ghqrwh uhvshfwlyho| wkh zhdowk dqg lqirupdwlrq dojheud
dydlodeoh wr djhqw  dw wkh ehjlqqlqj ri shulrg q1 Dv lq ^NVV4`/ djhqw  elgv dq
dprxqw eq+$, 5 ^3> Vq4+$,` ri prqh| iru wkh frqvxpswlrq jrrg ehiruh nqrzlqj
wkh ydoxh ri Tq+$, ru \ q +$,1 Zh fdoo wklv wkh orz0lqirupdwlrq frqglwlrq1 +Lq
rwkhu zrugv/ wkh lqirupdwlrq Iq4 dydlodeoh wr wkh djhqw dw wkh ehjlqqlqj ri sh0
ulrg q/ phdvxuhv wkh ydoxhv ri sdvw txdqwlwlhv lqfoxglqj V3 > V






n @ 4>    > q 4/ exw qrw ri Tq> \ q 1,
Rqfh doo djhqwv kdyh sodfhg wkhlu elgv/ wkh wrwdo dprxqw ri dw prqh| elg























 ]q +$,Tq+$, @ Eq+$,]q +$, +614,
lq fdvk lqfrph/ dqg wkhq hqwhuv wkh qh{w shulrg zlwk zhdowk
Vq +$, @ V

q4+$, eq .Eq+$,]q +$, +615,
lq dw prqh|1
6
Hdfk djhqw  lv dvvxphg wr kdyh d xwlolw| ixqfwlrq x = ^3>4, $ ^3>4,
iru frqvxpswlrq ri jrrgv> wklv ixqfwlrq lv frqwlqxrxv dqg frqwlqxrxvo| glhuhq0
wldeoh/ vwulfwo| frqfdyh/ vwulfwo| lqfuhdvlqj/ dqg vdwlvhv x+3, @ 3> +x,3.+3, 5
+3>4,1 Wkh xwlolw| hduqhg e| djhqw  lq shulrg q lv x+{q,/ dqg wkh djhqw vhhnv




D vwudwhj|  iru djhqw  vshflhv wkh vhtxhqfh ri elgv ieqj4q@41 Wkh vwudw0
hj|  lv fdoohg vwdwlrqdu|/ li lw vshflhv wkh elgv lq whupv ri d vlqjoh ixqfwlrq
f+, ri zhdowk/ lq wkh irup
eq @ f
+Vq4,> q  4> +616,
zkhuh f+v, 5 ^3> v`> v  31 Zh fdoo f+, wkh frqvxpswlrq ixqfwlrq iru wkh
vwudwhj| 1
Wkh zhdowk glvwulexwlrq rq gd| q lv wkh udqgrp phdvxuh q+> $, jlyhq e|
q+D>$, @ * +i 5 L = Vq +$, 5 Dj, > D 5 E+^3>4,,= +617,
Zh duh qrz uhdg| wr ghqh wkh w|sh ri htxloleulxp wkdw zh zdqw wr vwxg|
lq wklv qrwh1
Ghqlwlrq 6141 D froohfwlrq ri vwdwlrqdu| vwudwhjlhv i>  5 Lj dqg d sured0
elolw| glvwulexwlrq  rq E++3>4,, irup d vwdwlrqdu| htxloleulxp/ li
+d, jlyhq wkdw 3 @  dqg wkdw hyhu| djhqw  sod|v vwudwhj| / zh kdyh q @ 
iru doo q  4/ dqg
+e, jlyhq wkdw 3 @ / hyhu| vwudwhj|  lv rswlpdo iru djhqw / zkhq hyhu|
rwkhu djhqw  sod|v  + 5 L>  9@ ,1
Xqolnh ^NVV4`/ wkhuh lv qr phqwlrq ri sulfh lq Ghqlwlrq 6141 Wklv lv/ lq sduw/
ehfdxvh wkh vhtxhqfh isqj zloo qrw eh frqvwdqw 0 hyhq lq vwdwlrqdu| htxloleulxp
0 iru wkh prgho vwxglhg khuh1 Lqghhg/ li wkh frqvxpswlrq ixqfwlrq f+, iru 










zkhuh wkh vhtxhqfh ri wrwdo elgv
Eq+$, @ E @
]
f+v,+gv,
lv frqvwdqw lq htxloleulxp> vhh Wkhruhp 715 ehorz1 Wkxv/ wkh sulfhv isqj irup
wkhq d vhtxhqfh ri LLG udqgrp yduldeohv/ ehfdxvh wkh iTqj gr vr e| dvvxpswlrq1
Wkh frqvwdqw E zloo sod| wkh vdph pdwkhpdwlfdo uroh wkdw zdv sod|hg e| wkh
sulfh s lq ^NVV4` dqg ^JNVV`/ exw wkh lqwhusuhwdwlrq zloo/ ri frxuvh/ eh glhuhqw1
7
7 H{lvwhqfh ri Vwdwlrqdu| Htxloleulxp iru wkh
Prgho zlwkrxw Ohqglqj
Wkh phwkrgv ri ^NVV4` fdq eh dgdswhg wr frqvwuxfw d vwdwlrqdu| htxloleulxp iru
wkh suhvhqw prgho1 Dv lq ^NVV4`/ zh uvw frqvlghu wkh rqh0shuvrq jdph idfhg e|
dq djhqw / dvvxplqj wkdw wkh hfrqrp| lv lq vwdwlrqdu| htxloleulxp1 Iru hdvh ri
qrwdwlrq zh vxssuhvv wkh vxshuvfulsw  zkloh glvfxvvlqj wkh rqh0shuvrq jdph1
Ixuwkhupruh/ zh vkdoo dovr dvvxph wkdw wkh djhqwv duh krprjhqhrxv/ lq wkh vhqvh
wkdw wkh| doo kdyh wkh vdph xwlolw| ixqfwlrq x+, dqg wkh vdph glvwulexwlrq 
iru wkhlu lqfrph yduldeohv1 Wklv dvvxpswlrq pdnhv wkh h{lvwhqfh surri pruh
wudqvsduhqw/ exw lv qrw qhfhvvdu|> wkh surri lq ^NVV4` zrunv iru pdq| w|shv dqg
fdq eh dgdswhg wr wkh suhvhqw frqwh{w1
Zh lqwurgxfh d qhz xwlolw| ixqfwlrq ghqhg/ iru hdfk e  3/ e|
x+e, =@ H ^x+eT+$,,` @
]
x+et, +gt,= +714,
Revhuyh wkdw wkh h{shfwhg xwlolw| hduqhg e| dq djhqw zkr elgv e zkhq idfhg e|






















Lw lv vwudljkwiruzdug wr yhuli| wkdw x+, kdv doo wkh surshuwlhv/ vxfk dv vwulfw
frqfdylw|/ wkdw zhuh dvvxphg iru x+,1
Ohw Y +, eh wkh ydoxh ixqfwlrq iru dq djhqw sod|lqj lq htxloleulxp1 Lq hvvhqfh/
wkh djhqw idfhv d glvfrxqwhg g|qdplf surjudpplqj sureohp dqg/ dv lq ^NVV4`/
Y +, vdwlvhv wkh Ehoopdq htxdwlrq








.   HY +v e.E],

= +716,
Wklv g|qdplf surjudpplqj sureohp lv ri wkh w|sh vwxglhg lq ^NVV4`/ dqg Wkh0
ruhp 714 ri wkdw sdshu kdv lqirupdwlrq derxw lw1 Lq sduwlfxodu/ wkhuh lv d xqltxh
rswlpdo vwdwlrqdu| sodq  @ +E, fruuhvsrqglqj wr d frqvxpswlrq ixqfwlrq
f = ^3>4, $ ^3>4,1 Zh vrphwlphv zulwh f+v, @ f+v>E, wr vkrz lwv ghshqghqfh
rq wkh txdqwlw| E1
Frqvlghu qrz wkh Pdunry fkdlq iVqj ri vxffhvvlyh iruwxqhv iru dq djhqw zkr
sod|v wkh rswlpdo vwudwhj|  jlyhq e| f+,1 Wkhq zh kdyh
Vq.4 @ Vq  f+Vq>E, .E]q.4> +717,
zkhuh ]4> ]5> = = = duh LLG zlwk frpprq glvwulexwlrq 1 E| Wkhruhp 814 ri
^NVV4`/ wklv fkdlq kdv d xqltxh vwdwlrqdu| glvwulexwlrq +, @ + >E, ghqhg rq
E+^3>4,,1 Qrz dvvxph wkdw ] kdv d qlwh vhfrqg prphqw1 Wkhq/ e| Wkhruhp
81: ri ^NVV4`/ wkh vwdwlrqdu| glvwulexwlrq  kdv d qlwh phdq1 Wkh iroorzlqj
ohppd h{suhvvhv wkh idfw wkdw wkh wrwdo dprxqw elg e| doo djhqwv lv E/ zkhq wkh





Surri1 Dvvxph wkdw V3 kdv wkh vwdwlrqdu| glvwulexwlrq 1 Wkhq wdnh h{shfwd0
wlrqv lq +717, wr rewdlq
HVq.4 @ HVq 
]
f+v>E,+gv>E, .E  H]
dqg wkh ghvluhg irupxod iroorzv/ vlqfh HVq.4 @ HVq dqg H] @ 41
Wkhruhp 7151 Iru hdfk E A 3/ wkhuh lv d vwdwlrqdu| htxloleulxp iru wkh qr0
ohqglqj prgho zlwk zhdowk glvwulexwlrq +, @ + >E, dqg vwdwlrqdu| vwudwhjlhv
 @ +E,/ iru doo djhqwv  5 L1
Surri1 Frqvwuxfw wkh yduldeohv ]q +$, @ ]q+> $, xvlqj wkh whfkqltxh ri Ihog0
pdq ) Jloohv +4<;8,/ vr wkdw
]4+> ,> ]5+> ,> = = = duh LLG zlwk glvwulexwlrq / iru hyhu|  5 L/ dqg
]4+> $,> ]5+> $,> = = = duh LLG zlwk glvwulexwlrq / iru hyhu| $ 5 1
Wkhq wkh fkdlq iVq+> $,j kdv wkh vdph g|qdplfv iru hdfk {hg $ 5  dv lw grhv
iru hdfk {hg  5 L1 Wkh glvwulexwlrq  lv vwdwlrqdu| iru wkh fkdlq zkhq  lv
{hg/ dqg zloo wkhuhiruh eh d vwdwlrqdu| zhdowk glvwulexwlrq iru wkh pdq|0shuvrq







e| Ohppd 7141 E| lqgxfwlrq/ Eq+$, @ E iru doo q dqg $1 Khqfh/ wkh zhdowk
glvwulexwlrqv q duh doo htxdo wr 1
Wkh rswlpdolw| ri  @ +E, iroorzv iurp lwv rswlpdolw| lq wkh rqh0shuvrq
jdph wrjhwkhu zlwk wkh idfw wkdw d vlqjoh sod|hu fdqqrw dhfw wkh ydoxh ri wkh
wrwdo elg1
8 Wkh Prgho zlwk Ohqglqj dqg Srvvleoh Edqn0
uxswf|
Zh qrz dvvxph wkdw wkhuh lv d Fhqwudo Edqn zklfk pdnhv ordqv dqg dffhswv
ghsrvlwv1 Wkh edqn vhwv wzr lqwhuhvw udwhv lq hdfk wlph shulrg q/ qdpho|
u4q+$, @ 4 . 4q+$, wr eh sdlg e| eruurzhuv dqg u5q+$, @ 4 . 5q+$, wr
eh sdlg wr ghsrvlwruv1 Wkhvh udwhv duh dvvxphg wr vdwlvi|
4  u5q+$,  u4q+$,> u5q+$,  4

+814,
iru doo q 5 Q>$ 5 1
9
Djhqwv duh uhtxluhg wr sd| wkhlu ghewv edfn dw wkh ehjlqqlqj ri wkh qh{w
shulrg/ zkhq wkh| kdyh vx!flhqw ixqgv wr gr vr1 Krzhyhu/ lw fdq kdsshq wkdw
wkh| duh xqdeoh wr sd| edfn wkhlu ghewv lq ixoo/ dqg duh wkxv irufhg wr sd|
d edqnuxswf| shqdow| lq xqlwv ri xwlolw|/ ehiruh wkh| duh doorzhg wr frqwlqxh
sod|1 Iru wklv uhdvrq/ zh dvvxph qrz wkdw hdfk djhqw  kdv d xwlolw| ixqfwlrq
x = U $ U ghqhg rq wkh hqwluh uhdo olqh/ dqg vdwlvhv doo wkh rwkhu dvvxpswlrqv
pdgh deryh1 Iru { ? 3/ wkh txdqwlw| x+{, lv qhjdwlyh dqg phdvxuhv wkh
glvxwlolw|% iru djhqw  ri jrlqj edqnuxsw e| dq dprxqw {> iru { A 3/ wkh
txdqwlw| x+{, lv srvlwlyh dqg phdvxuhv wkh xwlolw| ghulyhg e|  iurp frqvxplqj
{ xqlwv ri wkh frpprglw|/ mxvw dv ehiruh1
Vxssrvh wkdw dq djhqw  ehjlqv lq shulrg qzlwk zhdowk Vq4+$,1 Li V

q4+$, ?
3/ wkhq djhqw  kdv dq xqsdlg ghew iurp wkh suhylrxv shulrg dqg lv dvvhvvhg d
shqdow| ri x+Vq4+$,@sq4+$,,1 Wkh ghew lv wkhq irujlyhq/ dqg wkh djhqw frq0
wlqxhv sod| iurp zhdowk0srvlwlrq 31 Li Vq4+$,  3/ wkhq djhqw  lv qrw lq ghew
dqg sod|v iurp srvlwlrq Vq4+$,1 Lq erwk fdvhv/ dq djhqw / srvvleo| diwhu ehlqj
sxqlvkhg/ sod|v iurp wkh zhdowk0srvlwlrq +Vq4+$,,
. @ pd{iVq4+$,> 3j1




n > Tn> u4n> u5n iru 4 
n  q 4/ djhqw  fkrrvhv d elg
eq+$, 5 ^3> +Vq4+$,,. . n`>
zkhuh n  3 lv dq xsshu erxqg rq ordqv wr 1 Dv ehiruh/  pxvw elg lq
ljqrudqfh ri erwk wkh wrwdo hqgrzphqw Tq+$, dqg klv shuvrqdo hqgrzphqw
\ q +$, iru shulrg q1
Wkh wrwdo elg Eq/ wkh sulfh sq/ dqg djhqw *v txdqwlwlhv ri jrrgv {q dqg dw
prqh| sq\ q @ Eq]

q duh iruphg h{dfwo| dv lq wkh qr0ohqglqj prgho ri Vhfwlrq
61 Irupxod +615, iru wkh g|qdplfv qrz wdnhv wkh irup
Vq @
+




.  eq, .Eq]q > +Vq4,. A eq=
+815,
Wkh zhdowk0glvwulexwlrq q rq gd| q lv ghqhg e| irupxod +616, dv ehiruh/
exw zlwk wkh xqghuvwdqglqj wkdw D qrz udqjhv ryhu Eruho vxevhwv ri wkh zkroh
uhdo olqh/ vlqfh vrph djhqwv pd| kdyh qhjdwlyh zhdowk1 Dq djhqw *v xwlolw| lq















Zh h{whqg qrz wkh ghqlwlrq ri vwdwlrqdu| htxloleulxp wr wkh prgho zlwk
ohqglqj1
:
Ghqlwlrq 8141 D vwdwlrqdu| htxloleulxp iru wkh prgho zlwk ohqglqj/ frqvlvwv
ri d zhdowk glvwulexwlrq  +l1h1 d suredelolw| glvwulexwlrq, rq wkh Eruho vxevhwv
ri wkh uhdo olqh/ ri lqwhuhvw udwhv u4> u5 zlwk 4  u5  u4> u5  4@/ dqg
ri d froohfwlrq ri vwdwlrqdu| vwudwhjlhv i>  5 Lj vxfk wkdw/ li wkh edqn vhwv
lqwhuhvw udwhv u4 dqg u5 lq hyhu| shulrg/ dqg li wkh lqlwldo zhdowk glvwulexwlrq lv
3 @ / wkhq
+d, q @  iru doo q  4 zkhq hyhu| djhqw  sod|v vwudwhj| / dqg
+e, hyhu| vwudwhj|  lv rswlpdo iru djhqw  zkhq hyhu| rwkhu djhqw  sod|v
 + 5 L>  9@ ,1
Vxssrvh wkdw wkh prgho lv lq vwdwlrqdu| htxloleulxp/ dqg wkdw hdfk vwdwlrqdu|
vwudwhj|  vshflhv lwv elgv eq e| wkh vdph frqvxpswlrq ixqfwlrq f
  f+,
zlwk 3  f+v,  v . n iru doo v  3/ dqg wkh vdph xsshu0erxqg n  n rq
ordqv/ iru doo  5 L1 Wkhq wkh wrwdo elg
E @ Eq+$, @
]
f+v.,+gv,
uhpdlqv frqvwdqw/ zkloh wkh sulfhv isqj irup dq LLG vhtxhqfh mxvw dv lq wkh
qr0ohqglqj prgho ri Vhfwlrq 61
9 H{lvwhqfh ri Vwdwlrqdu| Htxloleulxp iru wkh
Prgho zlwk Ohqglqj dqg Srvvleoh Edqnuxswf|
Wkh phwkrgv dqg uhvxowv ri ^JNVV` fdq eh xvhg khuh/ dv wkrvh ri ^NVV4` zhuh
xvhg lq Vhfwlrq 71 Zh frqvlghu wkh rqh0shuvrq jdph idfhg e| dq djhqw zkhq
wkh hfrqrp| lv lq vwdwlrqdu| htxloleulxp1 Zh vxssuhvv wkh vxshuvfulsw  dqg
dvvxph wkdw djhqwv duh krprjhqhrxv/ zlwk frpprq xwlolw| ixqfwlrq x+,/ lqfrph
glvwulexwlrq / dqg ordq olplw n1 Zh ghqh wkh xwlolw| ixqfwlrq x+, dv lq +714,
dqg revhuyh wkdw +715, uhpdlqv fruuhfw1 Irupxod +815, iru wkh g|qdplfv fdq eh










u4{> { ? 3>
u5{> {  3=
Wkh Ehoopdq htxdwlrq ehfrphv
Y +v, @
+
vxs3ev.n ^x+e@E, .  HY +j+v e, .E]` > v  3
x+v@E, . Y +3,> v ? 3=
+915,
Wklv htxdwlrq lv ri wkh w|sh vwxglhg lq ^JNVV`/ dqg doo ri wkh pdmru uhvxowv
ri wkdw sdshu kdyh frxqwhusduwv khuh1 Iru h{dpsoh/ Wkhruhp 715 ri ^JNVV`
dssolhv/ wr whoo xv wkdw wkhuh lv d xqltxh vwdwlrqdu| rswlpdo vwudwhj|  @ +E,
;
fruuhvsrqglqj wr d frqvxpswlrq ixqfwlrq f+, @ f+ >E,1 Wkh Pdunry fkdlq iVqj
iru wkh iruwxqhv ri dq djhqw zkr sod|v +E, hyroyhv dffruglqj wr wkh g|qdplfv
Vq.4 @ j++Vq,
.  f++Vq,.>E,, .E]q.4= +916,
Frqglwlrqv iru wklv fkdlq wr kdyh d vwdwlrqdu| glvwulexwlrq  zlwk qlwh phdq
duh dydlodeoh lq Wkhruhp 716 ri ^JNVV`1 Iru  wr eh wkh zhdowk0glvwulexwlrq ri
d vwdwlrqdu| htxloleulxp/ zh pxvw dovr dvvxph wkdw wkh edqn edodqfhv lwv errnv
xqghu 1
Dvvxpswlrq 51 +l, Wkh Pdunry fkdlq iVqj ri +916, kdv dq lqyduldqw glv0
wulexwlrq  zlwk qlwh phdq1
+ll, Xqghu wkh zhdowk glvwulexwlrq / wkh wrwdo dprxqw ri prqh| sdlg edfn
wr wkh edqn e| eruurzhuv lq d jlyhq shulrg/ lv htxdo wr wkh vxp ri wkh wrwdo
eruurzhg soxv wkh dprxqw ri lqwhuhvw sdlg e| wkh edqn wr ohqghuv1 Wklv
frqglwlrq fdq eh zulwwhq dv] ]





zkhuh g+v, @ +f+v, v,. dqg o+v, @ +v f+v,,. duh wkh dprxqwv eruurzhg
dqg ghsrvlwhg/ uhvshfwlyho|/ xqghu wkh vwdwlrqdu| vwudwhj| f+, e| dq djhqw
zlwk zhdowk v  31
Wkhruhp 9141 Li Dvvxpswlrq 5 krogv/ wkhq wkhuh lv d vwdwlrqdu| htxloleulxp
zlwk zhdowk glvwulexwlrq / dqg lqwhuhvw udwhv u4/ u5 lq zklfk hyhu| djhqw sod|v
wkh sodq 1
Wkh surri ri wklv wkhruhp lv wkh vdph dv wkdw ri Wkhruhp 715 rqfh wkh
iroorzlqj ohppd lv hvwdeolvkhg1
Ohppd 9151
U
f+v.> E,+gv, @ E=
Wkh surri ri wkh ohppd lv vlplodu wr wkdw ri Ohppd 814 lq ^JNVV`1
Wkhruhp 914 lv lqwxlwlyho| dsshdolqj/ dqg xvhixo iru yhuli|lqj h{dpsohv ri
vwdwlrqdu| htxloleuld1 Krzhyhu/ lw lv lqdghtxdwh dv dq h{lvwhqfh wkhruhp ehfdxvh
frqglwlrq +ll, ri Dvvxpswlrq 4 lv gholfdwh dqg gl!fxow wr fkhfn1 Wkhuh duh wzr
h{lvwhqfh wkhruhpv lq ^JNVV`/ Wkhruhpv :14 dqg :15/ wkdw gr qrw uho| rq vxfk
dq dvvxpswlrq1 Khuh zh suhvhqw wkh dqdorjxh ri wkh vhfrqg ri wkhp1
Wkhruhp 9161 Vxssrvh wkdw wkh yduldeohv i]qj duh xqlirupo| erxqghg/ dqg
wkdw wkh ghulydwlyh ri wkh xwlolw| ixqfwlrq x+, lv erxqghg dzd| iurp }hur1 Wkhq
d vwdwlrqdu| htxloleulxp h{lvwv1
Wkh surri lv vlplodu wr wkdw ri Wkhruhp :15 lq ^JNVV`/ zlwk wkh frqvwdqw E
djdlq sod|lqj wkh pdwkhpdwlfdo uroh sod|hg e| wkh sulfh s lq ^JNVV`1 Wkh xwlolw|
ixqfwlrq x+, uhsodfhv x+, lq wkh dujxphqw/ dqg wkh k|srwkhvlv wkdw lqi x3+, A 3
lpsolhv wkdw wkh vdph lv wuxh iru x+,1
<
: H{dpsohv
Khuh zh suhvhqw yh h{dpsohv1 Wkh uvw wzr looxvwudwh wkh h{lvwhqfh wkhruhp
+715, iru wkh prgho zlwkrxw ohqglqj1
H{dpsoh :141 Vxssrvh wkdw wkh xwlolw| ixqfwlrq lv olqhdu/ qdpho| x+{, @ {1
Wkh hqgrzphqw yduldeohv i\ q j vdwlvi| wkh sursruwlrqdolw| dvvxpswlrq +514, exw
duh rwkhuzlvh duelwudu|1 Wkh ixqfwlrq x+, ri +714, lv dovr olqhdu/ vlqfh
x+e, @
]
et +gt, @ e  H+T,=
Zh vkdoo vkrz wkdw wkh rswlpdo srolf|  ri Wkhruhp 715 lv jlyhq e| wkh vshqg
doo% frqvxpswlrq ixqfwlrq f+v, @ v= Wr vhh wklv/ ohw L+, eh wkh uhwxuq ixqfwlrq
iru 1 Wkhq
L+v, @ x+v@E, .   H^L+v v.E],` @ v
E
H+T, . L>
zkhuh L =@   H^L+E],`1 Wr suryh rswlpdolw|/ zh kdyh wr fkhfn wkdw L+,


















vr wkdw wkh ixqfwlrq









dwwdlqv lwv pd{lpxp rq ^3> v` dw e @ f+v, @ v1 Khqfh/ wkh Ehoopdq htxdwlrq
krogv dqg  lv rswlpdo1 Qrwlfh wkdw xqghu /
Vq.4 @ Vq  Vq .E]q.4 @ E]q.4
dqg wkh vwdwlrqdu| glvwulexwlrq  lv wkdw ri E]41
H{dpsoh :151 Dvvxph wkdw wkh xwlolw| ixqfwlrq lv
x+e, @
+
e > 3  e  4>
4 > e A 4>
wkdw wkh glvwulexwlrq  ri wkh hqgrzphqw yduldeohv iTqj lv wkh wzr0srlqw glv0
wulexwlrq
+i4@5j, @ +i4j, @ 4@5>
43
dqg wkdw wkh glvwulexwlrq  ri wkh sursruwlrqv i]qj ri wkh wrwdo hqgrzphqw lv
wkh wzr0srlqw glvwulexwlrq
+i3j, @ 6@7> +i7j, @ 4@7=
Vxssrvh dovr wkdw wkh wrwdo elg E lv 41 Wkhq wkh sulfh s @ E@T  xfwxdwhv
ehwzhhq s4 @ 4 +zkhq T @ 4, dqg s5 @ 5 +zkhq T @ 4@5,1 Wkh prglhg xwlolw|












> 3  e  4>
5.e
7
> 4  e  5>
4 > e  5=
+:14,
Fohduo|/ dq djhqw zlwk wklv xwlolw| ixqfwlrq vkrxog qhyhu elg pruh wkdq 51 Krz0
hyhu/ iru vpdoo ydoxhv ri / lw lv rswlpdo wr elg doo xs wr d pd{lpxp ri 51 Lq
idfw/ zh zloo vkrz wkdw/ iru 3 ?  ? 6@:/ wkh rswlpdo srolf|  lv ri wkh irup
f+v, @
+
v > 3  v  5>
5 > v  5=
Wr hvwdeolvk wkh rswlpdolw| ri / lw vx!fhv wr vkrz wkdw wkh uhwxuq ixqfwlrq







.   HL+], > 3  v  4>
5.v
7
.   HL+], > 4  v  5>
4 . 
7
L+v. 5, . 6
7






6@7 > 3 ? v ? 4>
4@7 > 4 ? v ? 5>
+@7, L 3+v. 5, . +6@7, L 3+v 5, > iru qrqlqwhjhuv v A 5=
+:16,
Dv d vwhs wrzdug wkh yhulfdwlrq ri wkh Ehoopdq htxdwlrq/ zh vkdoo vhh wkdw wkh
ixqfwlrq L+, vdwlvhv wkh frqfdylw| frqglwlrq=
4  L 3.+7, . 6L 3.+3,= +:17,
Qrwh wkdw/ li zh fdq frpsxwh L+3, @   HL+],/ wkhq/ e| +:15,/ zh nqrz wkh
ixqfwlrq L+, rq wkh lqwhuydo ^3/5`1
Qrz zulwh dn =@ L+5n,> n @ 3> 4> = = = dqg/e| +:15,/ zh kdyh wkh uhfxuvlrq






dn4> n  4= +:18,
D sduwlfxodu vroxwlrq ri +:18, lv dn  44 / vr wkh jhqhudo vroxwlrq lv jlyhq e|
L+5n, @ dn @
4
4  .D
n> n @ 4> 5> = = = +:19,
44
iru d vxlwdeoh uhdo frqvwdqw D1 Khuh  lv wkh urrw ri wkh htxdwlrq
i+, =@ 5  7

 . 6 @ 3







Xvlqj +:15, dqg +:19,/ zh vhh wkdw L+5, @ 4 . L+4, dqg khqfh L+3, @ 4
4
.
D  4 @ 
4






















Khqfh/ D @  4
4













Pruh jhqhudoo|/ zlwk gn =@ L+5n . 4,> n @ 3> 4> = = =/ zh kdyh wkh uhfxuvlrq











n> n @ 4> 5> = = = =












Zlwk wkhvh frpsxwdwlrqv lq sodfh/ zh duh qrz lq d srvlwlrq wr fkhfn wkh
frqfdylw| frqglwlrq +:18,1 Lqghhg/ L 3.+7, @ L+8,L+7, @ g5d5 @ +GD,5 @













L 3.+7, . 6L
3
.+3, @ 6 
<
7
 . 6  6
7
@ 6 ? 4=
Lw iroorzv wkdw i+4
6




. 6 ? 3/ dqg wklv odvw frqglwlrq lv htxlydohqw
wr rxu dvvxpswlrq wkdw  ? 6@:1
Zh duh qrz suhsduhg wr frpsohwh wkh surri wkdw  lv rswlpdo e| vkrzlqj wkdw
lwv uhwxuq ixqfwlrq L+, vdwlvhv wkh Ehoopdq htxdwlrq +716,1 Htxlydohqwo|/ zh
kdyh wr fkhfn wkdw wkh ixqfwlrq
#v+e, =@ x+e, . HL+v e. ], @ x+e, .

7
L+v e. 7, . 6
7
L+v e,
dwwdlqv lwv pd{lpxp ryhu e 5 ^3> v` dw e @ f+v,1 Zh frqvlghu wkuhh fdvhv1
45



















L 3.+3, A 3=
Wkxv #3v+v, A 3/ dqg e @ v  f+v, lv wkh orfdwlrq ri wkh pd{lpxp1



























L 3.+3,`> 4 ? e ? v=
Lq sduwlfxodu/ #3v+, A 3 rq ^3> v`/ wkxv e @ v  f+v,/ dv iroorzv iurp Ohppd
:14 ehorz1








L 3.+v. 6, .
6
7





L 3.+v. 5, .
6
7
L 3.+v 5,`> 4 ? e ? 5>

7
L 3.+ev ef. 7, 67 L 3.+ev ef,> e A 5=
Wkh ixqfwlrq #+, qrz dwwdlqv lwv pd{lpxp dw e @ 5  f+v,/ vlqfh #3+, A 3
rq +3> 5, dqg #3+, ? 3 rq +5> v, dv iroorzv iurp Ohppd :14 ehorz1
Ohppd :141 Wkh ixqfwlrq L+, vdwlvhv=




.+5, A    A 3=
Surri1 Wkh uvw wkuhh ri wkhvh lqhtxdolwlhv dprxqw wr






L 3.+3, @ L
3
.+3,>
dqg kdyh ehhq hvwdeolvkhg douhdg|1 Vr zh kdyh wr suryh
L 3.+5n, A L
3
.+5n . 4, A L
3
.+5+n . 4,, A 3> iru n  5= +:1:,
Qrz
L 3.+5n, @ L+5n . 4, L+5n, @ gn  dn @ +GD,n>
dqg
L 3.+5n . 4, @ L+5+n . 4,, L+5n . 4, @ dn.4  gn @ +D G,n=
Vr wkh lqhtxdolwlhv ri +:1:, dprxqw wr
GD A D G A +GD, A 3=
Exw GD @ D+4,4@7 @ 6@7> DG @ 4@7/ dqg wkhvh lqhtxdolwlhv uhgxfh
wr 3 ?  ? 4@6/ zklfk kdv douhdg| ehhq suryhg1
46
Wkh rswlpdolw| ri wkh vwudwhj|  iru dq djhqw sod|lqj lq htxloleulxp zlwk E @
4 kdv qrz ehhq hvwdeolvkhg1 Wkh vwdwlrqdu| glvwulexwlrq  iru wkh fruuhvsrqglqj
Pdunry fkdlq dv lq +717, lv vxssruwhg e| wkh vhw ri hyhq lqwhjhuv i3> 5>    j dqg
jlyhq e|
+i3j, @ 4@5> +i5j, @ 4@9> +i5nj, @ +5@6,+4@6,n4 iru n  5=
+Wkh fdofxodwlrq ri  lv h{sodlqhg lq vrph ghwdlo lq H{dpsoh 518 ri ^NVV4`1,
Wkh idplo| ri vwdwlrqdu| vwudwhjlhv    dqg wkh zhdowk glvwulexwlrq  irup d
vwdwlrqdu| htxloleulxp dv lq Wkhruhp 715 iru 3 ?  ? 6@:1 Wkhuh zloo dovr h{lvw
htxloleuld iru rwkhu ydoxhv ri / exw zh vkdoo qrw fdofxodwh wkhp khuh1
Wkh qh{w h{dpsoh surylghv d vlpsoh looxvwudwlrq ri Wkhruhp 9141
H{dpsoh :161 Ohw wkh xwlolw| ixqfwlrq eh
x+e, @
+
e> e  3>
5e> e ? 3=
Vxssrvh wkdw wkh frpprq glvwulexwlrq  ri wkh yduldeohv iTqj lv +i4j, @
+i6j, @ 4@5 dqg wkdw wkh glvwulexwlrq  ri wkh i]qj lv +i3j, @ +i5j, @ 4@51









5e> e  3>
7e> e ? 3=
Wdnh wkh lqwhuhvw udwhv wr eh u4 @ u5 @ 5 dqg wkh erxqg rq ohqglqj wr eh n @ 41
Ilqdoo| dvvxph wkdw wkh wrwdo elg E lv 41
Dowkrxjk wkh shqdow| iru ghidxow lv khdy|/ dv uh hfwhg e| wkh odujhu ydoxh ri
x3+e, iru e ? 3/ lw lv wr eh h{shfwhg wkdw dq djhqw zloo fkrrvh wr pdnh odujh elgv
iru  vx!flhqwo| vpdoo1 Lqghhg zh vkdoo vkrz wkdw wkh rswlpdo vwudwhj|  iru
3 ?  ? 4@6 lv wr eruurz xs wr wkh olplw dqg vshqg hyhu|wklqj/ fruuhvsrqglqj wr
f+v, @ v.4 iru doo v  31 +Uhfdoo wkdw dq djhqw zlwk zhdowk v ? 3 lv sxqlvkhg lq
dprxqw x+v, dqg wkhq sod|v iurp srvlwlrq 31 Wkxv d vwudwhj| qhhg rqo| vshfli|
elgv iru qrqqhjdwlyh ydoxhv ri v1,
Ohw L+, eh wkh uhwxuq ixqfwlrq iru 1 Wkhq/ iru v  3
L+v, @ x+v. 4, . H^L+5+v +v. 4,, . ],` @ 5v. 5 . ^L+5, . L+3,`>
dqg/ iru v ? 3/




5> v A 3>
7> v ? 3=
47
Wr yhuli| wkdw L+, vdwlvhv wkh Ehoopdq htxdwlrq +915,/ frqvlghu wkh ixqfwlrq




^L+5+v e,, . L+5+v e, . ],`
@
+
5e 7e. f4 > 3  e ? v>
5e 9e. f5 > v ? e ? v. 4>
zkhuh f4 dqg f5 duh frqvwdqwv1 Wkxv
#3v+e, @
+
4 5> 3 ?  ? v>
4 6> v ? e ? v. 4>
dqg zh vhh wkdw #v+, dwwdlqv lwv pd{lpxp rq ^3> v. 4` dw v. 4 ehfdxvh ri rxu
dvvxpswlrq wkdw  ? 4@61 Lw iroorzv wkdw L+, vdwlvhv wkh Ehoopdq htxdwlrq dqg
 lv rswlpdo1 Wkh Pdunry fkdlq iVqj ri +916, ehfrphv
Vq.4 @ 5++Vq,
.  ++Vq,. . 4,, . ] @ ]  5=
Wkh vwdwlrqdu| zhdowk0glvwulexwlrq/ qdpho|/ wkh glvwulexwlrq ri ]  5/ kdv pdvv
4@5 dw 5 dqg pdvv 4@5 dw 31 Reylrxvo|/ fodxvh +l, ri Dvvxpswlrq 5 lv vdwlvhg1
Fodxvh +ll, lv dovr vdwlvhg/ ehfdxvh hyhu| djhqw eruurzv rqh xqlw ri prqh| dqg
vshqgv lw> rqh0kdoi ri wkh djhqwv uhfhlyh qr lqfrph dqg sd| edfn edfn qrwklqj/
zkhuhdv wkh rwkhu kdoi uhfhlyh dq lqfrph ri 5 xqlwv ri prqh|/ doo ri zklfk wkh|
sd| edfn wr wkh edqn vlqfh wkh lqwhuhvw udwh lv u4 @ 51 Dv wkhuh duh qr ohqghuv/
wkh errnv edodqfh1 Wkhruhp 914 qrz vd|v wkdw zh kdyh d vwdwlrqdu| htxloleulxp
lq zklfk kdoi ri wkh djhqwv duh lq ghew 5 xqlwv ri prqh| dqg wkh rwkhu kdoi krog
qr prqh| dw wkh ehjlqqlqj ri hdfk shulrg1 Doo ri wkh prqh| lv khog e| wkh
edqn1
Vxssrvh qrz wkdw wkh glvfrxqw idfwru lv odujhu vr wkdw djhqwv zloo eh pruh
frqfhuqhg derxw wkh shqdowlhv iru ghidxow1 Lq sduwlfxodu/ dvvxph wkdw 4@6 ?  ?
4@51 Wkhq dq dujxphqw vlplodu wr wkdw deryh vkrzv wkdw dq rswlpdo vwudwhj|
lv iru dq djhqw wr eruurz qrwklqj dqg vshqg zkdw kh kdv> wkdw lv/ wkh rswlpdo
vwudwhj|  fruuhvsrqgv wr f+v, @ v iru hyhu| v  31 Wklv lqgxfhv wkh Pdunry
fkdlq
Vq.4 @ 5++Vq,
.  +Vq,., . ] @ ]
zlwk vwdwlrqdu| glvwulexwlrq htxdo wr wkh glvwulexwlrq ri ] dvvljqlqj pdvv 4@5
hdfk wr 3 dqg .51 Wklv wlph wkh errnv reylrxvo| edodqfh/ vlqfh qr rqh eruurzv
dqg qr rqh sd|v edfn1 Lq idfw/ wkh edqn kdv qr uroh wr sod|1
Iru wkh qh{w h{dpsoh zh gurs wkh dvvxpswlrq wkdw lqglylgxdo hqgrzphqwv
duh sursruwlrqdo wr wrwdo surgxfwlrq +Dvvxpswlrq 4/ sduw 5, dqg vkrz wkdw d
vwdwlrqdu| htxloleulxp qhhg qrw h{lvw1
H{dpsoh :171 Iru vlpsolflw|/ zh uhwxuq wr d qr0ohqglqj prgho iru wklv h{dpsoh1
Dvvxph wkdw wkh xwlolw| ixqfwlrq lv x+e, @ e/ dqg ohw wkh glvwulexwlrq  ri wkh
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yduldeohv iTqj eh wkh wzr0srlqw glvwulexwlrq= +i4j, @ +i6j, @ 4@51 Vxssrvh
wkdw zkhq Tq @ 4/ wkh yduldeohv i]q >  5 Lj duh htxdo wr 3 ru 5 zlwk suredelolw|
425 hdfk/ exw wkdw zkhq Tq @ 6/ hdfk ri wkh ]q lv dovr htxdo wr 61 Wkxv wkh
iTqj dqg wkh i]qj duh qrw lqghshqghqw dv zh kdg dvvxphg lq Dvvxpswlrq 41
Qrz vxssrvh/ e| zd| ri frqwudglfwlrq/ wkdw d vwdwlrqdu| htxloleulxp h{lvwv
zlwk zhdowk glvwulexwlrq  dqg rswlpdo vwdwlrqdu| vwudwhjlhv i>  5 Lj fruuh0
vsrqglqj wr frqvxpswlrq ixqfwlrqv f+,>  5 L1 Wkh wrwdo elg lq hdfk shulrg lv
wkhq E @
U
f+v,+gv, dqg wkh sulfhv sq @ E@Tq duh lqghshqghqw/ dqg htxdo
wr E dqg E@6 zlwk suredelolw| 425 hdfk1
Frqvlghu qh{w wkh vshqg0doo vwudwhj| 3 zlwk frqvxpswlrq ixqfwlrq f+v, @ v1
Zh zloo vnhwfk wkh surri wkdw 3 lv wkh xqltxh rswlpdo vwudwhj|1 Iluvw zh fdofxodwh
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>
dqg wkdw wkh vxsuhpxp deryh lv xqltxho| dfklhyhg dw e @ v1 Lw iroorzv wkdw 3
lv wkh xqltxh rswlpdo vwudwhj|1 Wkxv zh pxvw kdyh  @ 3 iru doo 1 Vr hyhu|





Exw wkh glvwulexwlrq ri ]q.4 ghshqgv rq wkh ydoxh ri Tq1 Wkxv wkh glvwulexwlrq
ri zhdowk ydulhv zlwk wkh ydoxh ri Tq dqg fdqqrw eh lghqwlfdoo| htxdo wr wkh
htxloleulxp glvwulexwlrq  dv zh kdg dvvxphg1
Lq rxu qdo h{dpsoh/ zh dvvxph wkdw djhqwv nqrz wkh ydoxh ri wkh surgxfwlrq
yduldeoh Tq lq hdfk shulrg q ehiruh wkh| pdnh wkhlu elgv1 Lw lv qrw vxusulvlqj
wkdw djhqwv sod|lqj rswlpdoo| wdnh dgydqwdjh ri wklv dgglwlrqdo lqirupdwlrq/ dqg
wkhuhiruh wkdw d vwdwlrqdu| htxloleulxp qhhg qrw h{lvw1 Zkdw vruw ri htxloleulxp
lv dssursuldwh iru wklv kljk lqirupdwlrq% prgho lv d txhvwlrq wkdw zh sodq wr
wuhdw lq d vxevhtxhqw sdshu1
H{dpsoh :181 Dv lq wkh suhylrxv h{dpsoh/ zh frqvlghu d qr0ohqglqj prgho
zlwk wkh olqhdu xwlolw| x+{, @ { dqg zlwk wkh glvwulexwlrq  ri wkh yduldeohv
Tq jlyhq e| +i4j, @ +i6j, @ 4@51 Krzhyhu/ zh dvvxph wkdw wkh lqglylgxdo
hqgrzphqwv duh sursruwlrqdo vr wkdw/ dv lq Dvvxpswlrq 4/ wkh yduldeohv ]q duh
lqghshqghqw ri wkh Tq1
Vxssrvh/ e| zd| ri frqwudglfwlrq/ wkdw d vwdwlrqdu| htxloleulxp grhv h{lvw
zlwk zhdowk glvwulexwlrq  dqg rswlpdo vwdwlrqdu| vwudwhjlhv i>  5 Lj fru0
uhvsrqglqj wr frqvxpswlrq ixqfwlrqv if+,>  5 Lj1 Ohw E @ U f+v,+gv, eh
wkh wrwdo elg lq hdfk shulrg vr wkdw wkh sulfh lq shulrg q lv E@6 li Tq @ 6 dqg
lv E li Tq @ 41 Lw lv qrw gl!fxow wr vkrz wkdw/ lq d shulrg zkhq wkh sulfh lv
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orz +l1h1 zkhq Tq @ 6,/ wkh rswlpdo elg iru dq djhqw lv f+v, @ v1 Wkxv zh pxvw
kdyh f+v, @ v iru doo  dqg v1 Krzhyhu/ lq d shulrg zkhq wkh sulfh lv kljk +l1h1
zkhq Tq @ 4,/ dq djhqw zkr vshqgv rqh xqlw ri prqh| uhfhlyhv lq xwlolw| 4E /









`1 Wkxv/ iru  5 +4
5
> 4,/ lw lv rswlpdo iru dq djhqw wr vshqg
qrwklqj lq d shulrg zkhq wkh sulfh lv kljk1 Exw wkhq f+v, @ 3/ d frqwudglfwlrq1
Dfnqrzohgjhphqwv
Rxu uhvhdufk zdv vxssruwhg e| Qdwlrqdo Vflhqfh Irxqgdwlrq Judqwv GPV0<:0
65;43 +Ndudw}dv, dqg GPV0<:0365;8 +Vxgghuwk,/ e| wkh Frzohv Irxqgdwlrq dw
\doh Xqlyhuvlw|/ dqg e| wkh Vdqwd Ih Lqvwlwxwh1
Uhihuhqfhv
Ihogpdq/ P1 ) Fk1 Jloohv +4<;8, Dq H{srvlwru| Qrwh rq Lqglylgxdo Ulvn
Zlwkrxw Djjuhjdwh Xqfhuwdlqw|1 Mrxuqdo ri Hfrqrplf Wkhru| 68/ 59651
Jhdqdnrsorv M1/ L1 Ndudw}dv/ P1 Vkxeln ) Z1G1 Vxgghuwk +4<<;, D Vwudwhjlf
Pdunhw Jdph zlwk Dfwlyh Edqnuxswf|1 M1 Pdwk1 Hfrqrplfv/ wr dsshdu1
Ndudw}dv/ L1/ P1 Vkxeln ) Z1G1 Vxgghuwk +4<<7, Frqvwuxfwlrq ri Vwdwlrqdu|
Pdunry Htxloleuld lq d Vwudwhjlf Pdunhw Jdph1 Pdwk1 Rshu1 Uhvhdufk 4</
<:843391
Ndudw}dv/ L1/ P1 Vkxeln ) Z1G1 Vxgghuwk +4<<:, D Vwudwhjlf Pdunhw Jdph
zlwk Vhfxuhg Ohqglqj1 Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplhv 5;/ 53:57:1
L1 Ndudw}dv/ Ghsduwphqwv ri Pdwkhpdwlfv dqg Vwdwlvwlfv/ Froxpeld Xqlyhuvlw|/
Qhz \run/ Qhz \run 4335:
P1 Vkxeln/ Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv/ \doh Xqlyhuvlw|/ Qhz
Kdyhq/ Frqqhfwlfxw 39853
Z1 Vxgghuwk/ Vfkrro ri Vwdwlvwlfv/ Xqlyhuvlw| ri Plqqhvrwd/ Plqqhdsrolv/ Plq0
qhvrwd 88788
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